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It was proved in [I] that a filtered algebra over a fieId K, with F,A = K, 
is a Frobenius algebra if its associated graded algebra D(A) is a Frobenius 
algebra. We here prove that the theorem remains valid without the restriction 
PaA = K (Theorem I). In Section 2 we introduce the notions of graded 
Frobenius algebras, graded symmetric algebras, and graded skew-Frobenius 
algebras, We state the condition that a graded algebra over a field K, which 
is Frobenius (sy~e~c, skew-Frobenius), be graded Frobenius (graded 
symmetric, graded skew-Frobenius). (Theorems 2 and 3). We also state the 
condition that a quotient of a graded Frobenius (graded symmetric, graded 
skew-Frobenius) algebra be graded Frobenius (graded symmetric, graded 
skew-Frobenius). (Theorem 4). 
1. FILTERED FROBENIUS ALGEBRAS 
Let A be a finite-dimensional algebra over a field K. Let e, , es ,.,,, e, 
be a basis of A. Let 
eiej = ,<LES 4%. 
-., 
Let K[X, , x, I..., X,] be the polynomial ring in n variables over I% The 
n x 71 matrix QA, whose $h element is given by 
80 BONGALE 
is called the parastrophic matrix of A (see [3]). Let 
PA = IQ” I. 
PA is then a homogeneous polynomial in X1 , X2 ,..., X, of degree n. We 
then have 
PROPOSITION 1. Let A be a$nite-dimensional algebra over K, (A : K) = n. 
Let K contain more than n elements. Then A is a Frobenius algebra o PA # 0. 
Proof. Consider the hyperplane H of A consisting of elements 
x = ,<T<, &cek 
\.. 
satisfying 
Then H is a nonsingular hyperplane if and only if 
PA@, 3 AZ ,*a., ha) f 0. 
Now let A be a Frobenius algebra. Then A contains a nonsingular hyperplane, 
i.e. there exists an ntuple (A, , A, ,..., A,) such that P,(A, , X, ,..., A,) f 0. 
It follows that 
PA f 0. 
Now let 
pA f 0. 
Since PA is a homogeneous polynomial in X, , X2 ,..., X, of degree n and K 
contains more than n elements, there exists an ntuple (A, ,..., A,) such that 
pA(h, ,**a, &L) f 0. 
It follows that A is a Frobenius algebra. 
Now let A be a finite-dimensional filtered algebra over a field K. By 
a filtered algebra we mean an associative K-algebra A, with a sequence of 
K-subspaces F,A, i E Z, such that F,A & F,+lA, F,A * F,A & F,,,A, for all 
i, j EZ, F,A = (0) if i < 0 and uisz F,A = A. The multiplication in A 
induces a multiplication in the vectorspace 
EO(A) = c F,A/F,elA. 
EO(A) is then a graded K-algebra. We call EO(A) the graded algebra associated 
to A. 
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Let t?r , I?~ ,..., t?,, be a homogeneous basis of EO(A). Let 
degree & = mi , 1 < i < n. 
Let e, , e2 ,..., e, be lifts of 6r , t?a ,..., I?;, in A. Then e, , ea ,..., e, form a basis 
of A. 
Let XpXT ..* X2 be a monomial in K[X, , X2 ,..., X,]. Then we define 
the weighted degree of PrlFaz *** X2, which is denoted by w(XpFa2 a.9 X2), 
bY 
w(XqlXZ *** X2) = C mini . 
l$i<lL 
Clearly 
where Vj is the K-subspace of K[Xr , X2 ,..., X,J generated by the monomials 
of weighted degree j. We then have the fo!lowing 
LEMMA 1. 
Pa = PEW + R, 
where PEo(a) E V, , s = 2 &iGn mi , and R E eics Vi. 
Proof. Let 
eiej = l<;<, efk 
\\ 
Since A is a filtered algebra, 
Hence 
cxtj = 0, if m,>m,+mj. 
It follows that 
Hence 
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where in both the summations 8 runs through the set of permutations of 
(1, 2 ,..., n). 
We first prove that PEocA) E V, , s = 2 CIGiGra mi . Let Xk, em* Xk, be 
a monomial which occurs on the right-hand side of (2). Then 
w(Xk,Xk2 ... Xkn) = C mki = 
lgi$n 
J, G% + me(i)) 
for some permutation 0. Then 
c mob) = 
l<i<72 l<L mi * 
Hence 
i.e., PEofa) E V, . 
The terms which occur on the right-hand side of (2) occur on the right-hand 
side of (1). Let R be the sum of the terms which occur on the right-hand 
side of (l), but not on the right-hand side of (2). Then 
PA = PE~L.I, + R. 
Now we prove that R E &,, Vi . Let Xk, ~0. Xk, be a monomial which 
occurs on the right-hand side of (l), but not on the right-hand side of (2). 
Then 
xk,) = 1 mk, - 
l$ign 
Since X kl .** Xk, occurs on the right-hand side of (l), 
mk, < mi + ma(i) , 1 <;<?I. 
Since Xk, m-s Xk, does not occur on the right hand side of (2), there exists 
a j, 1 < j < n, such that 
w(xk, ,-‘*, XkJ = C mk* < (mi + mm) = s. 
l<iS?I l<i<VI 
Hence the required result. 
The following result is well known. We prove it for completeness. 
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PROPOSITION 2. Let A be a K-algebra, L a Jinite extension of K. Then A 
is a Frobenius algebra over K o A OK L is a Frobenius algebra over L. 
Proof. Let 
AL = A@L, A* = Hom,(A, K), (AL)* = HomL(AL , L). 
K 
Then 
(AL)* E (A*), , as A,-modules. 
Let A be a Frobenius algebra over K. Then 
A= A*, as left A-modules. 
Hence 
AL z (A*), , as left AL-modules. 
It follows that AL is a Frobenius algebra over L. Now let AL be a 
Frobenius algebra over L. Then 
AL r (AL)* as left A,-modules, 
i.e., 
AL = (A*), as left AL-modules. 
Let (L : K) = m. Then 
A,&+% as left A-modules 
n& 
and 
(A*), cx @A*, as left A-modules. 
m 
It follows that 
@A&$4*, as left A-modules. 
m m 
Since A and A* are left A-modules of finite length, 
A E A*, as left A-module. 
Hence A is a Frobenius algebra over K. 
We now prove the following: 
THEOREM 1. Let A be a j&red algebra over a field K, such that the 
associated graded algebra EO(A) is a Frobenius algebra. Then A is a Frobaius 
algebra. 
Proof. Let (A : K) = (E”(A) : K) = n. 
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Case 1: Let K contain more than n elements. If possible, let A not be 
Frobenius. Then PA = 0 (Proposition 1). It follows by Lemma 1, that 
P&A) = 0. 
But this implies that EO(A) is not Frobenius, which is a contradiction. 
Case 2: The number of elements of R is less than or equal to rz. Let L 
be a finite extension of K, which contains more than n elements. Consider 
the filtered algebra A BKL, with the filtration 
F,(A @L) = F<A ljj) L. 
K K 
Then 
EO(A @L) g EO(A)@L. 
K K 
Since E”(A) is a Frobenius algebra over K, E”(A) C&L g Ea(A &L) is 
a Frobenius algebra over L (Proposition 2). Since L contains more than n 
elements, A &L is a Frobenius algebra over L. (Case I). It follows that A 
is a Frobenius algebra over K (Proposition 2). 
2. GRADED FROBENIM ALGEBRAS 
DEFINITION 1. A finite-dimensional graded algebra A = xi Ai over 
a field K is said to be a graded Frobenius algebra over K if it contains a non- 
singular graded hyperplane. Furthermore, A is said to be a graded ~mmet~c 
algebra over K if it contains a nonsingular graded hyperplane containing 
all the commutators. 
Let A = x6 Ai be a graded algebra over a field K. Then the elements of 
the type v - f - 1 )*$y X, where x and y are homogeneous elements of degree 
i and j respectively, are called the skewcommutators of A. The skewcenter 
of A is defined as the K-subspace generated by the homogeneous elements 
x E A, such that for all homogeneous elements y E A, 
xy = (-1>2iyx, 
where i = degree X, j = degreey. 
DEFINITION 2. A finite-dimensional graded algebra A = Ci Ai over 
a field K is said to be a skew-Frobenius algebra over K if it contains a non- 
singular hyperplane containing all the skewcommutators. Furthermore, 
A is said to be a graded sky-Fyob~~us algebra over K if it contains a non- 
singular graded hyperplane containing all the skewcommutators. 
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It follows that a graded Frobenius (graded symmetric, graded skew- 
Frobenius) algebra over a field K is Frobenius (symmetric, skew-Frobenius). 
The converse, however, is not true. We now state the condition that a graded 
algebra over a field K, which is Frobenius (symmetric, skew-Frobenius), 
is graded Frobenius (graded symmetric, graded skew-Frobenius). For this 
we need the following: 
LEMMA 2. Let A = xi Ai be a finite-dimensional graded algebra over 
afield K. Let n be the largest integer such that A, f (0). If H is a nonsingular 
graded hyperplane of A, then 
H=Ao+4+--~+A,_l+A~, 
where A; is a K-subspace of A,, such that 
(A; : K) = (A, : K) - 1. 
Proof. Since H is graded, 
H= c HnAi. 
O<i<?Z 
H is a nonsingular hyperplane and A, is an ideal of A. Hence A, $ H, i.e., 
A:, = Ann H5An. 
Let(A:K)=m;then(H:K)=m-l.Also, 
((A,+A,+...+A,_,+A~):K)<m. 
Since 
HCAo+4+*~~+A,-1+A;, 
it follows that 
H=Ao+A,+...+A,-I+A;. 
Clearly (Ah : K) = (A, : K) - 1. 
We now prove the following: 
THEOREM 2. Let 
be a jkite-dimensional graded algebra over a field K. Let n be the largest integer 
such that A, # (0). Then the following two conditions are equivalent: 
(1) A is a graded Frobenius algebra over K. 
(2) A is a Frobenius algebra over K and (A, : K) = (A, : K). 
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Proof. Let A be a graded Frobenius algebra over K. Then clearly A is 
a Frobenius algebra over K. Let H be a graded nonsingular hyperplane of A. 
Then by Lemma 2, 
where A; is a K-subspace of A, such that (Ah : K) = (A, : K) - 1. Let 
q~ : A + K be a linear map such that 
q+(O) = H. 
Let CD : Ai x AGwi -+ K, 0 < i < n, be a bilinear form defined by 
@by) = dXY)* 
Then CD is nondegenerate. Let x E A, , x f 0. Then there exists a y E A, 
such that 
V(XY) f 0. 
Let y’ be the homogeneous component of y of degree n - i. Then 
dXY) = dxy’) f 07 
i.e., @(x, y’) # 0. Hence 
(A, : K) = (AnMi : K), 0 < i < n. 
Now let A be Frobenius and (A,, : K) = (A, : K). Then 
([4J Theorem 1, p. 616). But (A : K),-- ((CIGiGn AJ : K) = (A,, : K) = 
(A, : K), by assumption and 
Hence it follows that 
Every maximal ideal of A contains ClgiGn Ai ([2], $ 1). Since A is 
a Frobenius algebra, it follows that every minimal left ideal is contained 
in Z(xIGiG, Ai) = A,([4J, Theorem 1, p. 616). Also, there exists a linear 
map # : A --f K such that @l(O) is a nonsingular hyperplane. 
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We now define CJJ : A -+ K by 
Then v-l(O) is a graded hyperplane. Also, v-l(O) is a nonsingular hyperplane. 
Let, if possible, ‘$I be a nonzero left ideal contained in q+(O). Let ‘3 be 
a minimal ideal contained in Cu. Then ‘3’ c A,, . Hence 
$w’) = #w = v-4, 
which is a contradiction with the fact that #-l(O) is a nonsingular hyperplane. 
THEOREM 3. Let 
be a Jinite-dimensional graded a&ebra over a field K. Let n be the largest integer 
such that A, f (0). Then the following two conditions are equivalent: 
(1) A is a graded symmetric (graded skew-Frobenius) algebra over K. 
(2) A is a symmetric (skew-Frobenius) algebra over K and (A,, : K) = 
(A, : K). 
Proof. Let A be a graded symmetric (graded skew-Frobenius) algebra. 
Then clearly A is a symmetric (skew-Frobenius) algebra. Also, A is a graded 
Frobenius algebra. Hence by Theorem 2, (A, : K) = (A, : K). 
Now let A be a symmetric (skew-Frobenius) algebra and (A,, : K) = 
(A, : K). Let y5 : A -+ K be a linear map such that #-l(O) is a nonsingular 
hyperplane containing all the commutators (skewcommutators). We define 
V:A-+Kby 
9J i.,&-l Ad = (Oh 
d% = Wn - 
It follows (as in Theorem 2) that v-l(O) is a nonsingular graded hyperplane. 
We now prove that q+(O) contains all the commutators (skewcommutators). 
Let x and y be homogeneous of degree i and j respectively. 
(i) Ifi+j<n,thenxy-yxEC,~i~n-1Ai(Xy-(-l)ijyxECo~i911-1Ai). 
Hence ~(xy - yx) = 0 (9)(x-y - (-l>ijyx) = 0). 
(ii) If i +j = n, then xy - yx E A, (xy - (-l)iiyx E A,). Hence 
q(xy - yx) = #(xy - yx) = 0 (pl(xy - (-l>“fyx) = #(qJ - (-l)ijyx) = 0) 
since #-l(O) contains all the commutators (skewcommutators). 
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(iii) If i + j > n, then xy = yx = 0. Hence ~&xy - yx) = 0 
(cp(xy - (-l)QYX) = 0). 
Hence the result. 
Remarks. (1) Let A = xi A, be a graded algebra over a field K, such 
that A, = K. Let A be a Frobenius (symmetric, skew-Frobenius respectively) 
algebra over K. Then it follows by Theorem 1 of [I], that A is a graded 
Frobenius (graded symmetric, graded skew-Frobenius) algebra over K. 
(2) There exist graded algebras which are Frobenius (symmetric, 
skew-Frobenius), but not graded Frobenius (graded symmetric, graded 
skew-Frobenius). Consider the algebra 
A = A, + A, 
over a field K, where A,, = K + Ke, and A, = Ke, and the multiplication 
is given by 
6 2=e 1, e1e2 = e,e, = e2 . 
Then A is a Frobenius, symmetric and skew-Frobenius algebra over K. 
Clearly A is neither graded Frobenius, graded symmetric, nor graded skew- 
Frobenius. 
(3) Let A = zaGiS,, A, be a graded Frobenius algebra over a field K, 
A, f (0). Then 
where for a vector space V, V* denotes its dual. Let q~ : A --f K be a linear 
map such that q-l(O) is a nonsingular graded hyperplane. Let @ : A -+ A* 
be the left A-isomorphism defined by 
P(4)(Y) = dY4, for h, YE A. 
Then 
@(AJ = At, , O<i<?Z. 
We now prove the following: 
LEMMA 3. Let A be a graded algebra over a j?eld K. Let A be a skew- 
Frobenius algebra over K and let 9 : A -+ K be a linear map such that q’(O) 
is a nonsingular hyperplane containing all the skewcommutators. Let @ : A -+ A* 
be the left A-isomorphism dejined by 
(W))(Y) = v)yh), for all A, Y E A. 
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Let x be a homogeneous element of A. Then (Q(x))-l(O) contains all the skew- 
commutators if and only if x is in the skewcenter of A. 
Proof. Let x be homogeneous of degree r. Let (@(x))-‘(O) contain all of 
the skewcommutators. Let A, y be homogeneous elements of degree i and j 
respectively. Then 
(@(x))(Xy - (- l)i$A) = 0. 
i.e.: 
fp(Xyx - (-l>“jyAx) = 0, 
q&x - (-l)j’AQ + (-l)jC4xy - (-l)“jrAx) = 0, 
lp(X(yx - (-1)j’xr)) + (-l)“gC@x * y - (-l)j’i”‘Y * Xx) = 0. 
But C&X . y - (-l)j’i+“y . Ax) = 0 since CJJ-‘(O) contains all the skew- 
commutators. Hence 
y(X(yx - (-l)j’xr)) = 0. 
This is true for any homogeneous element A. Hence 
p(h(yx - (-l)j’xr)) = 0, for all h E A. 
Since v-l(O) is a nonsingular hyperplane, it follows that 
yx - (-l)j’xr = 0. 
Hence x is in the skewcenter of A. The converse is proved by reversing the 
argument. 
Remark. Let A be a symmetric algebra over a field K. Let 9 : A + K 
be a linear map such that v-l(O) is a nonsingular hyperplane containing all 
the commutators. Let Q, : A --f A* be defined by 
PGW) = dY4, for all A, y E A. 
Let x E A. Then it can be proved in the same way, as in the above lemma, that 
(Q(x))-l(O) contains all the commutators, if and only if x is in the center of A. 
We now find a condition that a quotient of a graded Frobenius (graded 
symmetric, graded skew-Frobenius) algebra be graded Frobenius (graded 
symmetric, graded skew-Frobenius). We have the following: 
THEOREM 4. Let G = xi Gi be a graded Frobenius algebra over a field K. 
Let Iu be a two-sided homogeneous ideal qf G. Let 
G/91 = A = c A,. 
i 
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Then A is graded Frobenius, if and only if: 
(1) the right annihilator r(a) of PX is the principal ideal xG generated 
by a h~oge~eous eight x of degree m - n, where m and n are the largest 
integers such that G, # (0) and A, # (0). 
If G is graded symmetric (graded skew-Frobenius), then A is graded symmetric 
(graded skew-Frobe.&uss) ;f and only if> ila addition to (I), we have: 
(2) x is in the center (skewce~ter) of G. 
Proof: Since G is graded Frobenius, there exists a left A-module iso- 
morphism Q, : G -+ G*, such that 
@(GJ = G&m,, O<i<m, 
(Remark (3) following Theorem 3). There exists a canonical injection 
i= A*-+G*, 
where 
i(A*) = (B E 6” I@(%) = (0)). 
Let A be graded Frobenius and f : A --f K be a linear map such that pa(O) 
is a graded nonsingular hyperplane of A. Let 
f = U). 
Then it is easy to verify that f is a homogeneous element of G* of degree m. 
Let x E G be such that 
f = Q(x). 
Sincef(%) = 0 and (Q(l))-l(O) is nonsingular, it follows that 
x 6 r(‘%), i.e., xG Cr(%). 
We now prove that xG = r(cU). Let X E I&G) and 2 denote the residue class 
of X modulo 9X. Then for any g E G, 
f(d) = (@(4)(@v 
= VW(g) 
= (am)) 
= 0, since hx = 0. 
Hence f(AX) = (0). S ince f-l(O) is nonsingular, it follows that 
x=0 i.e., hEIU. 
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Hence Z(xG) 5 ‘2% * xG = r(Z(xG)) 3 r(‘$I) ([4], Theorem 1, p. 616). If, in 
addition, both G and A are graded symmetric (graded skew-Frobenius), 
then f-l(O) contains all the commutators (skewcommutators) of A. It can 
be easily verified thatf-l(0) contains all the commutator (skewcommutators} 
of G. Hence, by the remark following Lemma 3 (by Lemma 3), x is in the 
center (skewcenter) of G. 
Now let condition (1) be satisfied. Then Q(x) is a homogeneous element 
of G* of degree n. Since x E Y(%), 
vw)P) = w 
Thus there exists a linear map f : A -+ K, such that 
i(f) = @(Lx). 
Thenf(A,) = (0), 0 < j < n - 1, since 
PWfGJ = (01, i # n; 
i.e., f-r(O) is a graded hyperplane. We now prove that f-“(O) is a nonsin- 
gular hyperplane. Let x E A be such that 
Let X be a lift of x in G. Then 
PW(g4 = 07 for all g E G. 
=+ (I) = 0, for a11 g E G. 
=3 ~(~~) = 0 
=+Ax=o, since @ is an isomorphism. 
* X E E(xG) = Z(Y(~)) = Ctx ([4], Theorem 1, p. 616). 
*x=0. 
Hence A is a graded Frobenius aIgebra. 
In addition, let G be a graded symmetric (graded skew-Frobenius) algebra 
and x be in the center (skewcenter) of G. Then by the remark following 
Lemma 3 (by Lemma 3), (a(x))-l(0) contains all the commutators (skew- 
commutators) of G. Hence f-r(O) contains all the commutators (skew- 
commutators) of A; i.e., A is a graded symmetric (graded (skew-Frobenius) 
algebra. 
COROLLARY 1. Let A = Ci Ai be an a~~~co~~u~a~~ve a&ebra over a$eZd K 
such that A, = K, A, generates A, and (A, : K) < w. Then A is Q Frobenius 
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algebra over K if and only af A = El’%, w h ere E is the exterior algebra generated 
by A, , and 2X is a homogeneous ideal of E such that the annihilator ann.(‘%) of 
‘8 is the principal idealgenerated by a homogeneous element of degree (A, : K) - n, 
where n is the largest integer such that A, f (0). 
Proof. E is a Frobenius algebra over K ([5], example on p. 3), such that 
E,, = K. Hence E is a graded Frobenius algebra over K (Remark 1 following 
Theorem 3). Since A, = K, A is a Frobenius algebra over K if and only 
if A is a graded Frobenius algebra over K (Remark 1 following Theorem 3). 
Let 2I be a homogeneous ideal of E such that 
A = E/a. 
The result now follows by Theorem 4. 
COROLLARY 2. Let the anticommutative algebra 
over a field K be a Frobenius algebra over K and let A,, = K, A, generate A, 
.and (A, : K) < n. + 1, where n is the largest integer such that,A, f (0). 
Then A is the exterior algebra, generated by n elements, over K. 
Proof. Since A, generates A, A, f (0), and A is anticommutative, 
(A, : K) > n. 
We prove that (A, : K) f n + 1. If (A, : K) = n + 1, then by Corollary 1, 
A = E/9X, 
where E is the exterior algebra generated by A, , 2I is a homogeneous ideal 
of E such that ann. ‘2l = xE, where x is a homogeneous element of E of 
degree 1. Since 
A, = El/E1 n ‘3 and 4 =A, 
E1 n !lI = (0). 
But ‘2I = ann. x ([4], Theorem 1, p. 616). Hence 
E1 n ann. x = (0), 
which contradicts the fact that x E E1 n ann. (2). Hence (A, : K) = n. The 
result now follows by the lemma in [I]. This result is also proved in [I]. 
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